RELAXATION THEOREMS IN NONLINEAR ELASTICITY 
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Abstract. Relaxation theorems which apply to one, two and three-dimensio- 
nal nonlinear elasticity are proved. We take into account the fact an infinite 
amount of energy is required to compress a finite line, surface or volume into 
zero line, surface or volume. However, we do not prevent orientation reversal. 



1. Main results 

1.1. Introduction. Consider an elastic material occupying in a reference configu- 
ration £1 C Mr with N = 1,2 or 3, where is bounded and open with Lipschitz 
boundary 9S1. The mechanical properties of the material are characterized by a 
stored-energy function W : M 3xAr — ► [0, +oo] (assumed to be Borel measurable) in 
terms of which the total stored-energy is the integral 

(1) I(u) := I W(Vu(x))dx 

JQ. 

with Vu(x) 6 M 3xAr the gradient of u at x, where M 3xAr denotes the space of all 
real 3 x N matrices. In order to take into account the fact that an infinite amount 
of energy is required to compress a finite line (N = 1), surface (N — 2) or volume 
(iV = 3) into zero line, surface or volume, i.e., 

f |£|-0 if JV = 1 

(2) W(0^+oozs\ |&A&|->0 if TV = 2 

{ |detf | -> if N = 3, 

we consider the following conditions: 

(Ci) there exist a, j3 > such that for every £ G M 3xl ; 

if ICI > a then W(£) < /3(1 + 

for N = 1; 

(C 2 ) there exist a, (3 > such that for every £ = (£i | £ 2 ) G M 3x2 ; 
if 16 A 61 > a then W® < 0(1 + 
for N — 2, where £i A 6 denotes the cross product of vectors £i>£2 G R 3 ; 
(C3) /or every S > 0, there exists c$ > suc/i i/iai /or every £ G M , 

«/ |detf | > <5 then W(£) < cj(l + |£| p ), 

where det£ denotes the determinant of 6 and 

(C 4 ) W(P£Q) = W(0 for all £ G M 3x3 and all P,Q G SO(3) 

for iV = 3, with SO(3) := {Q G M 3x3 : Q T Q = QQ T = J 3 and detQ = 1}, where 
-Z3 denotes the identity matrix in M 3x3 and Q T is the transposed matrix of Q. 
(In fact, (C4) is an additional condition which is not related to (2). However, it 
means that W is frame-indifferent, i.e., W(P£) — W(£) for all £ G M 3x3 and all 
P G SO(3), and isotropic, i.e., W(£Q) = W(£) for all £ G M 3x3 and all Q G SO(3), 
see for example [12] for more details.) 
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Fix p e]l,+oo[, set W^ P {Q;R 3 ) := {u e W 1,P (Q; R 3 ) : u = g on <9ft}, where g 
is given continuous piecewise affine function from O to R 3 , define the integral 



QI(u) := [ QW(\7u{x))da 
Jn 



where QW : M 3xN — > [0, +00] denotes the quasiconvex envelope of W, and consider 
the following assertions: 

(Ri) inf {/(«) : u G W**(Sl;R 3 )} = inf {QI(u) : u E Wg' p (Cl; R 3 )}; 
(R2) — ^ u with {u n } n >i minimizing sequence for I in Wg' p (Q; R 3 ), then u 



is a minimizer for QI in Wg' p (Ct; 



(R3) if u is a minimizer for QI in Wg' p (Cl;R 3 ), then there exists a minimizing 
sequence {u„}„>i for I in Wg' p (Cl;R 3 ) such that u n — ^ u, 

where "— x " denotes the weak convergence in VF 1,p (0;R 3 ). In this paper we prove 
(see Sect. 1.3) the following relaxation theorems: 

Theorem 1.1 (N = 1). J/(Ci) holds and ifW is coercive, i.e., W{£) > C\£\ p for 
all £ e M 3xN and some C > 0, then (Ri), (R 2 ) and (R 3 ) hold. 

Theorem 1.2 (N = 2). If (C2) ZioZds and «/ is coercive, then (Ri), (R2) and 
(R 3 ) ZioZd. 

Theorem 1.3 (iV = 3). // (C3) and (C4) fto/d and if W is coercive, then (Ri), 
(R 2 ) and (R 3 ) fto/d. 

Typically, these theorems can be applied with stored-energy functions Woi the 
form 

r h(\s\) if at = 1 

[ ^(jdetei) if JV = 3, 

for all £ € M 3xAr , where h : [0, +oo[^ [0, +00] is Borel measurable and such that 
for every 6 > 0, there exists r$ > such that h(t) < r$ for alH > 5 (for example, 
h(0) = +00 and = l/t s if t > with s > 0). 

1.2. Outline of the paper. Let 1 : W 1 ^^; R 3 ) [0, +00] be defined by 

I +00 otherwise, 

let QI : W^ P (Q; R 3 ) -» [0, +00] be defined by 

QZ(u) := ( X W^))^ if u e W » 1,P ( n ; 
( +00 otherwise, 

and let X : W 1,P (Q; R 3 ) — » [0, +00] be the lower semicontinuous envelope (or relaxed 
functional) of I with respect to the weak topology of W 1,p (Cl; R 3 ), i.e., 

Z(m) := inf I liminf l(u n ) : u n — 1 m > . 

Set y :=]0,ir and Aff (F;R 3 ) := {> G Aff(F;R 3 ) : = on where 
Aff(F;R 3 ) denotes the space of all continuous piecewise affine functions from Y 
to R 3 , and consider ZW : M 3xN -> [0, +00] given by 



:= inf y W(£ + V<f>(y))dy : e Aff (r ; Mr) 
Here is the central theorem of the paper: 
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Theorem 1.4. If ZW is of ' p -polynomial growth, i.e., ZW(£) < c(l + for all 

£ G M 3xN and some c> 0, then T = QJ. 

Here m = 3 and N = 1, 2 or 3, but the proof of Theorem 1.4 (given in Section 
3) does not depend on the integers m and N. This immediately gives the following 
relaxation result: 

Corollary 1.5. Under the hypotheses of Theorem 1.4, ifW is coercive, then (Ri), 
(R2) and (R3) hold. 

Such results was proved by Dacorogna in [8] when W is continuous and of p- 
polynomial growth. The distinguishing feature here is that Theorem 1.4 (and so 
Corollary 1.5) is compatible with (2). More precisely, in Section 4 we prove the 
following propositions: 

Proposition 1.6 (N = 1). If (Ci) holds then ZW is of p-polynomial growth. 

Proposition 1.7 (N = 2). // (C2) holds then ZW is of p-polynomial growth. 

Proposition 1.8 (N = 3). // (C 3 ) and (C4) hold then ZW is of p-polynomial 
growth. 

Theorem 1.4 follows from Propositions 1.9 and 1.10 below whose proofs are given 
in Section 3: 

Proposition 1.9. If ZW is finite then QW = Q[ZW] = ZW. Furthermore, for 
N = 1 we have ZW — W** , where W** denotes the lower semicontinuous convex 
envelope ofW. 

Proposition 1.10. J Q = J x with J ,Jx : VF^tylR 3 ) -> [0, +00] respectively 
defined by 

Jo(u) := inf I liminf I{u n ) : Aff s (ft;R 3 ) 9 u n -± u \ 

and 

JAu) := inf i liminf ZI(u n ) : Aff„(ft;IR 3 ) 9 u n u 1 , 

where Aff g (f2;K 3 ) := {u G Aff(0;M 3 ) : u = g on dfl} and 

ZI(u) := [ ZW{Vu(x))dx. 
Jn 

Taking Proposition 1.9 into account, from Propositions 1.6, 1.7 and 1.8, we see 
that stored-energy functions W satisfying (Ci) for N = 1, (C2) for N = 2 and 
(C3) and (C4) for N — 3, are not quasiconvex, so that the integral I(u) in (1) 
is not weakly lower semicontinuous on W 1,P (Q.;^) (see [4, Corollary 3.2]). Thus, 
the Direct Method of the Calculus of Variations cannot be applied to study the 
existence of minimizers of / in Wg' p (fl; M 3 ). For this reason, in the present paper 
we establish relaxation theorems instead of existence theorems. (In fact, the term 
"relaxation" means "generalized existence" , see [10, 9, 6] for a deeper discussion.) 

Other related results can be found in [7, 5] where we refer the reader. The present 
work improves our previous one [1] (see also [2, 3]). The main new contribution of 
the present paper is the treatment of the case N = 3. 

The plan of the paper is as follows. The proofs of Theorems 1.1, 1.2 and 1.3 are 
given in Sect. 1.3 (although these can be easily deduced from the previous discus- 
sion). Section 2 presents some preliminaries. In Section 3 we prove Propositions 1.9 
and 1.10 and Theorem 1.4. Finally, Section 4 contains the proofs of Propositions 
1.6, 1.7 and 1.8. 
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1.3. Proof of Theorems 1.1, 1.2 and 1.3. According to Corollary 1.5, we see 
that Theorems 1.1, 1.2 and 1.3 are immediate consequences of respectively Propo- 
sitions 1.6, 1.7 and 1.8. □ 

2. Preliminaries 

In this section we recall some (classical) definitions and results. These will be 
used throughout the paper. 

Let m,N > 1 be two integers. For any bounded open set D C 1 N , we denote 
by Aff (D; R m ) the space of all continuous piecewise affine functions from D to R m , 
i.e., u G Aff(Z);R m ) if and only if u is continuous and there exists a finite family 
(Di) i( zi of open disjoint subsets of D such that \D\{J ie iDi\ = and for every i G /, 
Vu(x) = & in Di with & <G M mxAr (where | • | denotes the Lebesgue measure in 
R N ). For any g G W 1 ^{D;W m ) with p > 1, we set 

Aff g (L>;R m ) := {u G Aff(L>;R m ) : u = g on dD} 

(Aff (L>;R m ) corresponds to AS g (D;M. m ) with g = 0) and 

Wg ,p (D; R m ) := {u G W lj, (D;R m ) : u = g on dD}, 

(where <9L> denotes the boundary of D). Fix g G VF^tyR™) where il C l w is 
bounded and open with Lipschitz boundary. The following density theorem will 
play an essential role in the proof of Theorem 1.4: 

Theorem 2.1 (Ekeland-Temam [10]). Aff 5 (fi;R m ) is dense in W^ p (Cl;M. m ) with 
respect to the strong topology of W 1,P (Q; R m ). 

Let / : M mxW -> [0, +oo] be Borcl measurable and let Zf : M mxN -» [0, +oo] 
be defined by 

2/(0 := inf |^ f(t + V0(x))dx : G Aff (F; R m )| 

with Y :=]0, 1^. To prove Propositions 1.6, 1.7 and 1.8, we will use the following 
properties of Zf: 

Proposition 2.2 (Fonseca [11]). (i) For every bounded open set D C R N with 
\dD\ = and every £ G M mxAr ; 

Z/(€) = ^ { |^j ^ /(? + : ^ G Aff °^ r ")} • 

(ii) If Zf is finite then Zf is rank-one convex, i.e., for every G M. mxN 
with rank(£ - ?) < 1, Z/(A£ + (1 - A)£') < AZ/(0 + (1 - A)Z/(£')- 

(iii) J/ Z/ is finite then Zf is continuous. 

(iv) For every bounded open set D G M. N with \dD\ — 0, every £ G M mxJV and 
every G Aff (L>;R m ) ; 

Zf(0 < J D Zf(Z + V<P(x))dx. 

Note that Proposition 2.2 is not exactly the one that can found in Fonseca. 
Nevertheless, it can be proved using the same arguments than the one given by 
Fonseca (for more details see [2, Remark A.2]). 

Quasiconvcxity is the correct concept to deal with multiple integral problems in 
the Calculus of Variations. For the convenience of the reader, we recall its definition: 

Definition 2.3 (Morrey [13]). We say that / is quasiconvex if for every £ G M. mxN , 
every bounded open set D cR N with |0£>| = and every <f> G Wq'°°(D; R m ), 

f(0<j^-Jf(£ + V<l>(x))dx. 
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Remark 2.4. Clearly, if / is quasiconvex then Zf = f. 

By the quasiconvex envelope of /, that we denote Qf, we mean the greatest 
quasiconvex function which less than or equal to /. (Thus, / is quasiconvex if and 
only if Qf = f '.) To prove Proposition 1.9 we will need Theorem 2.5: 

Theorem 2.5 (Dacorogna [8, 9]). If f is continuous and finite then Qf = Zf. 



Let T : W^fijR" 1 ) -» [0,+oo] be defined by 




and let T : W 1 ' p (£l;W l ) — > [0, +oo] be the lower semicontinuous envelope (or 
relaxed functional) of 1 with respect to the weak topology of W 1 ' p (£l;W n ), i.e., 

!F{u) := inf < liminf T(u n ) : u n — 1 u > , 

I n — > + oo j 

where "~ A " denotes the weak convergence in W 1 ' p (fl;M nl ). We close this section 
with the following integral representation theorem that we will use in the proof of 
Theorem 1.4: 

Theorem 2.6 (Dacorogna [8, 9]). If f is continuous and of p -polynomial growth, 
i-e., f(£) < c(l + |C| P ) for all £_ £ M mxN and some c>0, then T = QT . 

3. Proof of Propositions 1.9 and 1.10 and Theorem 1.4 

3.1. Proof of Proposition 1.9. Since ZW is finite, ZW is continuous by Proposi- 
tion 2.2(iii). From Theorem 2.5, we deduce that Q[ZW] = Z[ZW}. But Z[ZW] = 
ZW by Proposition 2.2(iv), hence Q[ZW] = ZW. On the other hand, as ZW < W 
we have Q[ZW] < QW. Moreover, as QW is quasiconvex, from Remark 2.4 
we see that Z[QW] = QW, and consequently QW < Q[ZW\. It follows that 
QW = Q[ZW] = ZW. 

Assume that N = 1. Then, quasiconvexity is equivalent to convexity (see [9, 
Theorem 1.1 p. 102]). Thus, ZW is convex (resp. ZW** = W**) since ZW = QW 
(resp. W** is convex). But ZW is continuous (resp. W** < W), hence ZW < W** 
(resp. W** < ZW). It follows that ZW = W**. □ 

3.2. Proof of Proposition 1.10. Clearly J\ < J . We are thus reduced to prove 
that 

(3) Jo<Ji- 
We need the following lemma: 

Lemma 3.1. If u e Aff s (n;M 3 ) then J {u) < ZI(u). 

Proof of Lemma 3.1. Let u G Aff g (Q; M 3 ). By definition, there exists a finite family 
(Oi)ie/ of open disjoint subsets of O such that |0\Uj e /nj| = and, for every i £ I, 
Vu(x) = & in fli with £j £ M 3xN . Given any S > and any i £ I, we consider 
<t>i £ AS {Y;R 3 ) such that 

(4) J y w(c t + VMvMv < z w&) + p. 
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Fix any integer n > 1. By Vitali's covering theorem, there exists a finite or 
countable family (djj + £ijY)j^j i of disjoint subsets of fij, where G M w and 
< £ i,i < ^' sucn tnat \ u ieJ s (aj,i + = (and so J2je.h e i,j = l fi *D- 

Define V™ : H -» K 3 by 

^„(x) := eij^i ^ X - — ^ if x G a i; j + e^Y". 

Clearly, for every n > 1, V™ € Aff (fi;]R 3 ), ||^„||l~(o ; m3) < £ max iei \\(f> t \\ L ^(Y;R 3 ) 
and || ^7ipn\\L°°(n;M 3xN ) < ^^^ei \\^4'i\\L°°(Y;M 3xN )j hence (up to a subsequence) 
ip n A 0inT^ 1 ' oo (f7;M 3 ), where denotes the weak* convergence in W 1,00 (fi; R 3 ). 
Consequently, Vn in VF^tyR 3 ). Moreover, 

J(u + Vn) = J2 l W(£i + VMx))dx 
iei J ^ 

iei jeJ t Jy 
= V^l / Wte + V^(i/))dy. 

As u + ip n € Aff s (ft; R 3 ) for all n > 1 and u + V„ ^ u in W 1 '^; R 3 ), from (4) we 
deduce that 

Jo(u) < liminf J(u + ^ n ) < V|fii|2W(&) + * = ,ZJ(u) + <y, 

n— >-t-oc ^ — ^ 

iei 

and the lemma follows. □ 
Fix any u G VF 1,p (fi; R 3 ) and any sequence u n — 1 w with u„ G AfT s (0; M 3 ). Using 
Lemma 3.1 we have Jb( u n) < ZI{u n ) for all n > 1. Thus, 

Jo(u) < liminf Jo(m„) < liminf ZI(u n ), 

n^+oo n— »+oc 

and (3) follows. □ 

3.3. Proof of Theorem 1.4. Since ZW is of p-polynomial growth, ZW is finite, 
and so ZW is continuous by Proposition 2.2(iii). From Theorem 2.1 it follows that 

Ji(u) = inf f liminf ZI(u n ) : W*' p (fi; M 3 ) 9 u„ -» uj . 

But Q1F = Q[ZW] by Proposition 1.9, hence Ji = QJ by Theorem 2.6. On the 
other hand, given any u G VF 1,p (0;E 3 ) and any u n u with u n G W S 1,P (Q;R 3 ), 
we have ZI(u n ) < I(u n ) for all n > 1. Thus, 

i/i(u) < liminf ZI(u n ) < liminf I(u n ), 

n — >+oo n — >+oo 

and so J\ < X. But I < Jo and Jo = Ji by Proposition 1.10, hence I = J7i, and 
the theorem follows. □ 

4. Proof of Propositions 1.6, 1.7 and 1.8 
4.1. Case N — 1. In this section we prove Proposition 1.6. 

Proof of Proposition 1.6. By (Ci) it is clear that if |£| > a then ZVF(£) < /3(l + |£| p ). 
Fix any £ G M 3xl such that |£| < a and consider G Aff (F;R 3 ) given by 

Six) - I XV ifa=e]0 i] 

* W - \ {\-x)v if xG]i,l[ 
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with v G M 3 such that H = 2a. Then, 

l \i-v\ if xe]^,l[, 

hence |6+ V0(a;)| > min{|6+H> |6~H} > M - |£| > a for all x G]0, ±[U]±, f[, and 
from (Ci) we deduce that 

2W(0< y W(€ + V(j>{x))dx < (3 J (l + \£ + V<p(x)\ p )dx 

< /32 2 Pmax{l, a P}(l + |^|f). 
ft follows that ZW{£) < (32 2 p max{l, a p }(l + \£\ p ) for all £ G M 3xl . □ 

4.2. Case AT = 2. In this section we prove Proposition 1.7. We begin with the 
following lemma. 

Lemma 4.1. Under (C 2 ) there exists 7 > smc/i that for all £ = (£1 | 6) € M 3x2 ; 

tfmin{|6 + 61, 16 - 61} > « tfien 2W(0 < 7(1 + 

Proof. Let £ = (61 6) e M 3x2 be such that min{|6 + 61, 16 - 61} > « (with 
a > given by (C2)). Then, one the three possibilities holds: 

(i) 16 A 61 ^0; 

(ii) |6 A 61 =0 with 6 r^O; 

(iii) |6 A 61 =0 with 6 7^0. 



Set D := {(xi,x 2 ) G 



p2 . 



for each f 6l, define tp t G AS (D 

ip t (xi,x 2 ) := 



: x\ — \ < x 2 < x\ + 1 and — x\ — 1 < x 2 < 1 — X\} and, 
by 



-txi+t(x 2 + l) if {xi,x 2 ) G Ai 

f(l-xi)-te2 if (xi,x 2 ) G A 2 

txi+t(l-a; 2 ) if (xi,x 2 ) G A 3 

t(xi + l)+tx 2 if (si, x 2 ) G A 4 



with 



Ar 
A 2 
A 3 
A 4 



= {(2:1,2:2) € -D : > and x 2 < 0} 
= {(£1,2:2) G -D : x\ > and x 2 > 0} 
= {(2:1, 2; 2 ) <E D : x x <0 and x 2 > 0} 
= {(0:1,2:2) G -D : ii < and x 2 < 0}. 



Consider cj) G Aff (D; K 3 ) given by 
:= {<p Vl ,<p V2 ,<p V3 ) with 



M 
M 



I6A? 2 | 

= 1 and (6, v) 
= 1 and (6 , v) 



if (i) is satisfied 
if (ii) is satisfied 
if (iii) is satisfied 



(vi, v 2l vz are the components of the vector v). Then, 

(6-^16 + ^) ifa;Gint(A 1 ) 



(6-^16-^) ifxGint(A 2 ) 
(6 + " I & ~ ") if x G int(As) 
(6+^16 + ^) if x G int(A 4 ) 



(where int(.E) denotes the interior of the set E). Taking Proposition 2.2(i) into 
account, it follows that 

(5) zw(0 < J (w(6 - v | 6 + " ) + w(6 -v\&-v) 

+ Wfa +i/|6-i/) + 1+(6 + v I 6 + 1/)). 
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But |(£i-^)A(6 + ^)| 2 
1(6 + 6) A v\ 2 , and so 



16 a 6 + (6 + 6) a H 2 = 16 a 6 1 2 + 1 (6 + 6) a v\< 



> 



1(6 + v) a (6 - > 1(6 + 6) a v\ = |6 + 61- 

Similarly, we obtain: 

1(6-1/) a (6-^)1 > 16-61; 
1(6 + ^) a (6-^)1 > 16+61; 
1(6 + ^) a + > 16-61- 

Thus, |(6 - i/) A (6 + i/) | > a, |(6 - i/) A (6 - v)\ > a, |(6 + v) A (6 - v)\ > a 
and |(6 + v) A (6 + ^)| > a, because min{|6 + 6I> 16 - 61} > Using (C 2 ) it 
follows that 



< /3(i + K6-H6 + ^)r) 

< /32P(i + K6i6)i p + i(-^k)n 

< /32 2p+i (i + i<en. 



In the same manner, we have: 

W(6-H6-") </32 2p+1 (i + ICI p ); 
1^(6 + ^16-^) </32 2p+1 (i + iei p ); 
1^(6 + ^16 + ^) </32 2p+1 (i + ICI p ), 

and, from (5), we conclude that -2W(£) < /32 2 p +1 (1 + \£\p). 



□ 



Proof of Proposition 1.7. Let £ 
holds: 

(i) |6 a 61 7^ 0; 

(ii) 16 A 61 =0 with 6 =6 -0; 
(in) 16 A 61 =0 with 6 ^0; 

(iv) 16 a 61 — with 6 ^ o. 
For each t € R, define ip t e Aff (Y; E) by 



(6 I 6) € M 3x2 . Then, one the four possibilities 



ip t (x u x 2 ) := < 



tx 2 

t{l- xl ) 

t(l-x 2 ) 
txi 



with 

Ai 
A 2 
As 
A 4 

Consider 6 



= {(X1,X2) € Y : X2 < X\ < —X2 

— {(#1,^2) € Y : —x\ + 1 < x 2 < xi} 
= {(xi,X2) e Y : -x 2 + 1 < xi < x 2 } 
= {(^1,^2) S y : x\ < X2 < —x\ + 1} 
E Aff (y;M 3 ) given by 



if (xi, X2 ) e Ai 
if (x 1 ,x 2 ) e A 2 
if (xi,x 2 ) e A 3 
if (xi,x 2 ) e A 4 



1} 



: = (<PV1,<PV2,<PV 3 ) With ' 



f = 

|z/| 

M 



g(eiA6) 

I6A« 2 | 

= a 

= a and (6, f) 
= a and (6 , v) 



if (i) is satisfied 
if (ii) is satisfied 
if (hi) is satisfied 
if (iv) is satisfied 



(fi, v 2l vz are the components of the vector v and a > is given by (C 2 )). Then, 



£ + V<t>{x) = < 



(6 + 

(6 - H 6) 

(6 

(6 + H 6) 



if x e int(Ai) 
if x e int(A 2 ) 
if x e int(A 3 ) 
if x e int(A 4 ) 
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(where 'mt(E) denotes the interior of the set E). Taking Proposition 2.2(iv) into 
account, it follows that 

(6) ZW(0 < \{zW{^\b + v)+ZW{(i l -v\b) 

+ zwfa |6 - v) + ZWfa + v I 6)) • 
But |6 + (6 + y)\ 2 = |(6 + 6) + v? = 16 + 6I 2 + M 2 = Ki + 6I 2 + ^ > « 2 , 

hence |6 + (6 + v )\ > a - Similarly, we obtain |6 — (6 + > a > an d so 

min{|6 + (6+^)1, 16 -(6+^)1} > a. 
In the same manner, we have: 

min{|(6-^) +61,1(6-^) 
min{|6 + (6-^)1,16 -(6 
min{|(6 + ^)+ 61,1(6 + ^) 

Using Lemma 4.1 it follows that 

+ < 7(1 + 1(6 16 + ^) l p ) 

< 7 2P(1 + 1(^1 | + |(0 | !/)!") 

< max{l,a p }72 p+1 (l + |C| p ). 

Similarly, we obtain: 

ZW(Zi - v I 6) < max{l,aP}72 p+1 (l + |£| p ); 
2TU(6 I 6 - v) < max{l,aP}72P +1 (l + |£| p ); 
ZW(Ci + i/ | 6) < max{l, aP} 7 2P +1 (l + |£| p ), 

and, from (6), we conclude that ZW{£) < max{l, a P}~f2P +1 (l + |£|*>). □ 



-6|}>a; 

-i/)|}>a; 
-6|}>". 



4.3. Case N — 3. In this section we prove Proposition 1.8. We begin with three 
lemmas. 

Lemma 4.2. If (C3) ftoZds i/ien is finite. 

Proof. Clearly, if £ g M 3x3 then -2W(£) < +00 with M 3x3 := {£ g M 3x3 : det£ ^ 
0}. We are thus reduced to prove that ZW(£) < +00 for all £ g M 3x3 \ M 3x3 . Fix 
£ = (6 I 6 I 6) e M 3x3 \ M 3x3 where 6,6,6 e R 3 arc the columns of £. Then 
rank(6 g {0, 1, 2} (where rank(£) denotes the rank of the matrix £). 

5iep 1. We prove that if rank(£) = 2 then ZW{£) < +00. Without loss of 
generality we can assume that there exist A,/ieR such that 6 = ^6 + A*6- Given 
any s g M*, consider Del 3 given by 



(7) 



D := int(uf =1 A*) 



(where int(S) denotes the interior of the set £7) with: 



Af 
AS 



Al 



= {(xuX2,x 3 ) g R 3 
= {(0:1,0:2,0:3) g R 3 
= {(xi,x 2 ,x 3 ) g R 3 
= {(0:1,0:2,0:3) e R 3 
= {(0:1,2:2, x 3 ) e R 3 
= {(0:1,0:2, £3) e R 3 
= {(0:1,0:2,0:3) g R 3 
= {(0:1,0:2,0:3) g R 3 



xi > 0, x 2 > 0, x 3 > and xi + x 2 + ^0:3 < 1}; 
x\ < 0, £2 > 0, x 3 > and — #1 +0:2 + 50:3 < 1}; 
xi < 0, X2 < 0, x 3 > and — 0:1 — x 2 + sx 3 < 1}; 
xi > 0, x 2 < 0, x 3 > and x\ — X2 + sx 3 < 1}; 
xi > 0, x 2 > 0, x 3 < and x\ + x 2 — SX3 < 1}; 
xi < 0, x 2 > 0, x 3 < and — xi+x 2 — sx 3 < 1}; 
xi < 0, x 2 < 0, x 3 < and — X\ — x 2 — sx 3 < 1}; 
xi > 0, x 2 < 0, x 3 < and x\ — x 2 — sx 3 < 1}; 
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Clearly, D is bounded, open and \dD\ 

by 



0. For each tsR, define ip 8>t G AS (D;] 



(8) ip Syt (x 1 ,x 2 ,x 3 ) := < 



—t{x\ + 1) — tx 2 — tsx 3 

tXi — t(X2 + 1) — tsx 3 
t(xi — 1) + tX2 — tsx 3 
— tX\ + t(x2 — 1 ) — tsx 3 

—t{x\ + 1) — tx2 + tsx 3 

tX\ — t(x 2 + 1 ) + tsx 3 
t(Xi — 1) + tX 2 + tsX 3 
-tX 1 +t(x 2 - 1) + tsx 3 



if (x 1 ,x 2 ,x 3 ) G Af 
if (xi,x 2 ,x 3 ) G A| 
if (xi,x 2 ,x 3 ) G Af 
if (0:1, 0:2,0:3) € Af 
if (£1,2:2,2:3) G Af 
if (0:1,0:2,0:3) G Af 
if (x!,x 2 ,x 3 ) G Af 
if (0:1, o: 2 , 0:3) G A|. 



(Note that i^ Sj ( is simply the only function, affinc on every Af, null on dD, such 



that ip Sl t(0) = -t.) Fix s G 
(p G Aff (L>;M 3 ) given by 



\{A- M ,-(A- 



:= bw,^,^) with 1/ := 
(fi, z^2, ^3 are the components of the vector v). Then, 



e + V0(o:) 



/z),A + /i,-(A- 



/«)} and consider 





— ^ 


a 


— V 


a 


— sv) 


if x G int(Af) 


(a 


+ V 


a 


— V 


a 


— sv) 


if 0: G int(A|) 


(a 


+ v 


a 


+ V 


a 


— sv) 


if x G hit (A 3 ) 


(a 


— V 


a 


+ V 


a 


— sv) 


if x G int(Af) 


(a 


— V 


a 


— V 


a 


+ sv) 


if x G int(Af) 


(a 


+ v 


a 


— V 


a 


+ sv) 


if x G int(A|) 


(a 


+ v 


a 


+ v 


a 


+ sv) 


if 0: G int(Af) 


I (a 


— V 


a 


+ v 


a 


+ sv) 


if x G int(A|) 



As det£ = 0, £1 A £3 



/"(a A 6) and £ 2 A £3 : 

(a-m)| 



= A(^2 A £1) we have 
if xG int(Af) Uint(Af) 



|det(£ + V0(s))| 



|s — (A + if xG int(A^) U int(A|) 
js — (A — if x G int(Af) U int(Af) 
|s + (A + /i)| if x G int(Af) U int(Ag). 

It follows that for a.e. x G D, |det(£ + V0(o:)| > min{|s + (A - |s- (A + /x)|, |s- 
(A — |s + (A + /i)|} =: S (S > 0). Taking Proposition 2.2(i) into account and 
using (C3), we see that there exists c$ > such that 



W(£ + Vcf>(x))<cs + -^-M- 



Lp(D;E 3 )' 



which implies that ZW{^) < +00. 

5iep 2. I-Fe prove that if rank(£) = 1 then ZW{S,) < +00. Without loss of 
generality we can assume that there exist A,/j£R such that £2 = A£i and £ 3 = yu£i. 
Consider D C M 3 given by (7) with s G R* \ {-M,M>, and denne € Aff (£>;R 3 ) 
by := (v?s,i/i, <Ps,f2> Vs.fs) witn f = (^1^2,^3) G K 3 \ {0} such that = 0, 

where, for every i G {1,2,3}, y? S)I/4 is defined by (8) with t = Vi. By Proposition 
2.2(iv) we have 

ZW(0 < l(zW(Z 1 -v\S2-v\&-8v)+ZW(S 1 + v\&-v\&-8v) 
+ZWfa + „ | & + „ | & - s „) + ZWfa - „ | & + 1, | & - «„) 
+ZW(& -v\£,2-v\& + sv) + ZW& +v\&-v\& + sv) 
+ZWfa + v I £ 2 + v I £3 + sv) + ZW{^ - v I £ 2 + v I 6 + • 
Noticing that s G M* \ {— yU, ^i} it is easy to see that: 
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rank(£i 


— V 


6 


— z/ 


$3 


— sv) 


= 2 


rank(£i 


+ v 


6 


— V 




— sv) 


= 2 


rank(£i 


+ V 


6 


+ z/ 




— sv) 


= 2 


rank(£i 


— V 


6 


+ z/ 




— sv) 


= 2 


rank(£i 


— V 


6 


— V 




+ sv) 


= 2 


rank(£i 


+ v 




— V 


$3 


+ sv) 


= 2 


rank(£x 


+ v 




+ v 


£3 


+ sv) 


= 2 


rank(£x 


— V 


6 


+ v 


$3 


+ sv) 


= 2 



and using Step 1 we deduce that ZW(£) < +00. 

Step 3. We prove that 214^(0) < +00. This follows from Step 2 by using 
Proposition 2.2(iv) with D C K 3 given by (7) with s e M*, and <j> e Aff (D;IR 3 ) 
defined by 4> :— (ip s . Ul ,tp s ^ 2 ,ips,iy 3 ) with (^1,^2,^3) € K 3 \ {0}, where, for every 
i G {1, 2, 3}, ip s ,Ui is defined by (8) with t = z/j. □ 

Lemma 4.3. Under (C3) £/iere exists c > smc/i i/iai /or every £ <G M 3x3 , 



Proof. Combining Lemma 4.2 with Proposition 2.2(h), we deduce that ZW is con- 
tinuous, and so there exists c > such that ZW(£) < c for all £ e M 3x3 with 
K| 2 < 3. Moreover, it is obvious that ZW(t) < Ci(l + K| p ) for all £ € M 3x3 such 
that |det£| > 1, where c\ > is given by (C3) with 6=1. We are thus led to 
consider £ G M 3x3 such that £ is diagonal, |det£| < 1 and K| 2 > 3, i.e., £ = (£„) 
with = if j, 1^116263! < 1 and |Cii | 2 + I62I 2 + K 33 | 2 > 3. Then, one the 
six possibilities holds: 



(i) |£n| < 1, I62I > 1 and |&3| > 1; 

(ii) I62I < 1, ^33 1 > 1 and |£ n | > 1; 
(hi) |&3 1 < 1, Kill > 1 and K 22 | > 1; 

(iv) Kill > 1, I62I < 1 and K33 1 < 1; 

(v) I62I > 1, |&3| < 1 and Kill < 1; 

(vi) K33I > 1, Kill < 1 and K 22 | < 1. 



Claim 1. There exists C2 > such that if £ is diagonal with |det£| < 1 and 
satisfies either (i), (ii) or (iii), then ZW(£) < c 2 (l + K| p ). Consider Del 3 given 
by (7) with s = 1, and define cj) € Affo(-D;R 3 ) by <f> := (<pi,v 1 ,ipi,v 2 i'Pi,v3), where 



and, for every i e {1, 2, 3}, tpi, Ui is defined by (8) with s = 1 and t = v, t . It is then 
easy to see that for a.e. x € D, 

( |2K 22 |K33|-|det£|| if (i) is satisfied 
|det(£ + V#r))| > I |2K n |K33| - |det£|| if (ii) is satisfied 
I I2K11IK22I - |det£|| if (iii) is satisfied, 

so that |det(£+ V<j>(x))\ > 1. Taking Proposition 2.2(i) into account, using (C3) and 
noticing that |V0(x)| = 2\/3 for a.e. x e L>, we deduce that ZW{£) < c 2 (l + K| p ) 
with c 2 := ci2P(l + (2V3) P ). 

Claim 2. There exists C3 > such that if £ is diagonal and satisfies either (iv), 
(v) or (vi), then ZW{£) < c 3 (l + K| p ). Let C e M 3x3 be a rank-one diagonal 
matrix defined by 



ift, is diagonal then ZW{£) < c(l + K| p ). 



(v\, v 2 , v 3 ) = < (0, 2, 0) if (ii) is satisfied 
[ (0, 0, 2) if (iii) is satisfied, 





£22 + sign(£ 22 ) if (iv) is satisfied 
if either (v) or (vi) is satisfied; 
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C: 



22 



£ 33 + sign(£ 33 ) if (v) is satisfied 

if either (iv) or (vi) is satisfied; 



. _ J £n +sign(£n) if (vi) is satisfied 

[0 if cither (iv) or (v) is satisfied, 

where sign(r) = 1 if r > and sign(r) = — 1 if r < 0. Then, £ + := £ + £ and 
£~ := £ — £ are diagonal matrices such that: 

(a) > 1, |e 2 + 2 l > 1, K33I < 1 and |£ n | > f, ^ > 1, l&sl < 1 if (iv) is 
satisfied; 

(b) < f, > 1, I4 + 3 I > 1 and |C n | < 1, K22I > 1, l&l > 1 if (v) is 
satisfied; 

(c) 1^1 > f, |£ 2 + 2 | < 1, |&| > 1 and |£ n | > 1, l&l < 1, IC33I > 1 if H is 
satisfied. 

Combining Lemma 4.2 with Proposition 2.2(h) we deduce that ZW is rank-one 
convex, so that 

(9) zw(0 < \{zw{i+) + ZW(C))- 

According to (a), (b) and (c), from Claim f we see that ZW(^ + ) < c 2 (f + |£ + | p ) 
(resp. ZW{£~) < c 2 (l + |£+|*>)) if |det£+| < f (resp. |det^~ | < f). On the other 
hand, by (C 3 ) we have ZW{£+) < ci(l + \£+\ p ) (resp. ZW{£~) < ci(l + |£+ | p )) 
if |det£+| > f (resp. |det£"| > f). Noticing that < 2 2 p(I + |£|*>) (resp. 

|£-|p < 2 2 P(f + |£|*>)) and using (9), we deduce that ZW{£) < c 3 (l + |£| p ) with 
c 3 := 2 2p max{ci,c 2 }. 

From Claims f and 2, it follows that for every £ <E M 3x3 , if £ is diagonal with 
ICI 2 > 3 and |det£| < f then ZW(£) < c 4 (l + with c 4 := max{c 2 ,c 3 }. Setting 
c := max{c , c 4 } we conclude that ZW{() < c(l + |£| p ) for all £ g M 3x3 such that 
£ is diagonal. □ 

Lemma 4.4. // (C 4 ) Wds tfien ZW{P£Q) = ZW{£) for all £ g M 3x3 and a/Z 
P,Q G SO(3). 

Proof. It is suffices to show that 

(i) ZVF(P£Q) < 2^(0 for all £ g M 3x3 and all P, Q g SO(3). 

Indeed, given £ € M 3x3 and P, Q g SO(3), we have £ = P T (P£,Q)Q T , and using 
(i) we obtain ZW(£) < ZW(P£Q). Moreover, (i) is equivalent to 

(ii) ZW{P£) < ZW{£) for all £ g M 3x3 and all P g SO(3) 

and 

(iii) < ZW(£) for all £ e M 3x3 and all Q g SO(3). 

Indeed, (ii) (resp. (hi)) follows from (i) with Q — I 3 (resp. P = Is), where I3 is the 
identity matrix in M 3x3 . On the other hand, given £ g M 3x3 and P,Q g SO(3), 
by (ii) (resp. (hi)) we have ZVF(P(£Q)) < ZW(£Q) (resp. ZVF(£Q) < 2^(0), 
and so ZW{P^Q) < ZW{£). We are thus reduced to prove (ii) and (iii). 

Proof of (ii). Fix any g Aff (F; R 3 ) and set ^ := P<j>. Then, </? g Aff (r; 
and V93 = PV<j>, hence 

ZW(P£)< j W{Pi + Vip{x))dx = j W(P(£ + P T V<p(x)))dx 

= J W(P{Z + V<t>{x)))dx. 

From (C 4 ) we deduce that 

ZW{PCl< j W(£ + V4>(x))dx 
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for all </> G Aff (T;R 3 ), which implies that ZW(P^) < ZW{(). 

Proof of (iii). By Vitali's covering theorem, there exists a finite or countable 
family (a, + EiQ T Y)i e i of disjoint subsets of Y, where a« G R 3 and < Si < 1, such 
that \Y \ Utei(ai + e l Q T Y)\ = (and so £ 4(S/ £ 3 = !)■ Fix an y ^ e Aff (r;M 3 ) 
and define p G Aff (r; M 3 ) by 

<p(a;) = £i4> {q~~~^ if a; e a« + £jQ' I V. 

Then, 

ZW{iQ)< f W{iQ + V^{x))dx = Ve 3 / VF (£Q + V0 (a;) Q) <ix 

= J W({i + V4>{x))Q)dx. 

From (C4) we deduce that 

ZW(£,Q)< J W(Z + V<f>(x))dx 

for all (f> e Aff (F; R 3 ), which implies that ZVF(£Q) < □ 

Proof of Proposition 1.8. Fix any £ <G M 3x3 (with M2 x3 := {£ G M 3x3 : det£ + 0}) 
and consider P G SO(3) given by P := ^M" 1 with 

M-=l ^ ifdcte>0 
I ifdet£<0. 

As M is symmetric, there exist Q G SO(3) and ( G M 3x3 such that C is diagonal 
and M = Q T (Q, hence £ = PQ T (Q. Consequently, ZVF(£) = ZW{Q by Lemma 
4.4. Noticing that |£| = |£|, from Lemma 4.3 we deduce that there exists c > such 
that ZW(£) < c(l+ for all £ G M 3x3 . Combining Lemma 4.2 with Proposition 
2.2(iii), we see that ZW is continuous, and using the fact that M 3x3 is dense in 
M 3x3 , we conclude that ZW(£) < c(l + for all £ G M 3x3 . □ 
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